We have computed the circulation integrations of thermal vorticity with and without charged currents in dissipative fluids. We find that the relativistic Kelvin circulation theorem will be modified by the dissipative effects, therefore, the circulation integrations of thermal vorticity may not be conserved during the fluid evolution.
kinetic theory via Wigner functions [8, 9, 10, 11, 12] , see, for example, Ref. [13, 14, 15] for reviews. Similar effects in relativistic quantum system (2+1)-dimensional can also be discussed by the quantum kinetic theory [16] . In Refs. [17, 18, 19, 20] , in analogy to magnetic fields, the electric fields can also induce a chiral current, the so-called chiral electric separation effect. Similar to normal Hall effects, the chiral Hall effects and the induced density waves are investigated in Ref. [20] . Some new chiral transport effects from the electromagnetic fields up to the second order in the gradient expansion in fluid dynamics have been systemically studied in Refs. [21, 22, 23, 24] .
Since an extremely strong magnetic field of the order ∼ 10 18 − 10 19 G is produced in relativistic heavy ion collisions [1, 25, 26, 27] , magento-hydrodynamics with chiral transport effects may be an important tool for these phenomena. Some progress has been made along this line. The longitudinal boost-invariant Bjorken flow in (1+1)-dimension with a transverse magnetic field with [28] and without magnetization effects [29] . Furthermore, a perturbative solution for Bjorken flow in (2+1)-dimension with external magnetic fields has been found in Ref. [30] , (also see the recent simulations Ref. [31] ).
The vorticial field can lead to the local polarization effect [8] . The vorticity gives the polarization of hadrons at late time of heavy-ion collisions [32, 33] . Several groups estimate the vorticity in different ways, e.g. by the AMPT [34] and HIJING model [35] . In Refs. [36, 37] , the thermal vorticity generation in an ideal fluid is discussed. Without charged particles, the circular integration of thermal vorticity is proved to be conserved, which is called relativistic Kelvin circulation theorem. In this note, we will follow Ref. [37] and extend it to a dissipative fluid. We find that the dissipative effects including viscosity and heat conductivity might induce thermal vorticity.
Without charged particles, the energy-momentum conservation reads,
where T µν is the energy-momentum tensor and is given by,
where ε, P are energy density and pressure, u µ is the four-velocity of the fluid, and π µν is the viscous tensor satisfying u µ π µν = 0. For simplicity, we only discuss the fluid in the Landau frame, where the heat flux flow h µ vanishes. Throughout this paper, we will use the convention for the metric tensor g µν = g µν = diag{+, −, −, −} and the Levi-Civita tensor ǫ 0123 = −ǫ 0123 = 1. Then, we have u µ satisfies u 2 = 1, and the orthogonal projector is given by ∆ µν = g µν − u µ u ν . Using the thermodynamic relations ε + P = T s and dε = T ds, with s the entropy density and T the temperature, and Eq.
(1) in the local rest frame with u µ = (1, 0), a circulation integral along a covariant loop
where τ is the proper time defined by d/dτ = u µ ∂ µ . In the laboratory frame, the fluid velocity becomes u µ = γ(1, v) with γ = 1/ 1 − |v| 2 . A similar circulation integration for the thermal vorticity along a loop L(t) is,
Now let us consider a fluid with charged particles. In presence of electromagnetic fields, the energy-momentum conservation and charge conservation equations read,
where j µ is the electric current, j µ i are other conserved currents and
is the electromagnetic field strength. For example, if without chiral anomaly, j µ i can be the chiral current in a Weyl fermionic system. Generally, we can also write,
where n i are the number densities for conserved charges and ν µ i are the heat currents. For the electric current, the decomposition is similar, j µ = nu µ + ν µ , with n the electric charge number density, and ν µ the heat and electric conducting currents. The thermodynamic relation becomes ε + P = T s + µn + i µ i n i , where µ, µ i are the chemical potentials. We follow Ref. [37] to consider the enthalpy vorticity instead of thermal vorticity. We find in the local rest frame,
where f = (ε + P )/n is the enthalpy density and in the laboratory frame,
where B is the magnetic field. Equations (3, 4, 7, 8) are our main results for the circular integration of thermal vorticity in the local rest and laboratory frame with and without conserved currents. Now we will focus on a system in the absence of charged particles in the local rest frame. In Eq. (3), without dissipative effects, the circular integration¸L (τ ) T u µ dx µ is conserved, so-called the relativistic Kelvin circulation theorem [36, 37] . It seems that the variation of shear viscous tensor becomes a source to the circular integration of the thermal vorticity. On the other hand, the entropy density in this case is also not conserved. Therefore, we cannot conclude that dissipative effects will violate the relativistic Kelvin circulation theorem. For example, in a longitudinal boost-invariant Bjorken flow in (1+1)-dimension with non-zero shear viscosity, the fluid is homogenous in the transverse plane, i.e. both T and u µ are independent on the space coordinates (x, y) in the transverse direction. Therefore, any circular integration¸L (τ ) T u µ dx µ along a loop in the transverse plane will vanish during the evolution. However, this result does not hold in a Bjorken flow in (3+1)-dimension. So far, we conclude that circulation integration of thermal vorticity may not be conserved due to the dissipative effects. Then, let us briefly discuss a system in the presence of charged particles in the local rest frame without shear viscous tensor. It is a little surprising that the heat currents ν µ i do not appear in the right handed side of Eq. (7), since the electromagnetic fields only couple with electric current j µ .
To end this note, we summarize that we have obtained the dynamical equations for the circular integration of thermal vorticity with dissipative effects. In the further considerations, we will learn the generation of thermal vorticity through other approaches, e.g. the kinetic theory and hydrodynamic simulations.
